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In this paper, the criterion used to determine whether a density perturbation will collapse
to form a primordial black hole (PBH) is re-examined, in respect of its use to determine
the abundance of PBHs. There is particular focus on which parameter to use, the time at
which the abundance should be calculated, and the use of different smoothing functions. It
is concluded that, with the tools currently available, the smoothed density contrast should
be used rather than the peak value, and should be calculated from the time-independent
component of the density contrast in the super-horizon limit (long before perturbations
enter the horizon) rather than at horizon crossing. For the first time the effect of the choice
of smoothing function upon the formation criterion is calculated, and, for a given abundance
of PBHs, it is found that the uncertainty in the amplitude of the power spectrum due to this
is O(10%), an order of magnitude smaller than previous calculations suggest. The relation
between the formation criterion stated in terms of the density contrast and the curvature
perturbation R is also discussed.
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I. INTRODUCTION
Primordial black holes (PBHs) are black holes which may have formed in the early universe. In
order for a perturbation to collapse to form a PBH, the density must exceed some critical threshold.
The original work by Carr [1] provided an order of magnitude estimate that the density contrast
should be above one third at horizon crossing in order for a PBH to form, δc > 1/3. In recent
years, there has been a great deal of work to determine the collapse threshold [2–12], as well as
discussion about the appropriate parameter to use to determine whether a perturbation will collapse
[13, 14]. Normally, the collapse threshold is calculated from numeric simulations, although analytic
calculations neglecting pressure gradients have been made [15].
As a parameter to determine PBH formation, the density contrast δ should be used rather than
a metric perturbation such as the curvature perturbation R. Whilst there has been valid work
to determine a collapse threshold in terms of a metric perturbation (i.e [10]), these are typically
3only valid when a single isolated perturbation (in a flat background universe) is considered - which
this is unlikely to be the case, and environmental effects are likely to change the collapse threshold
significantly [7, 14].
There has been much ambiguity in the literature about how this critical amplitude is calculated
and used (especially between the different communities of relativists modelling PBH formation and
cosmologists calculating the abundance of PBHs), and it is the aim of this paper to clarify how
this should be defined and utilised to make calculations of the PBH abundance. PBHs forming
from the collapse of large density perturbations upon horizon re-entry will be considered here, the
mechanism for which is described briefly below:
As the comoving Hubble horizon shrinks during inflation, quantum fluctuations become clas-
sical density perturbations as they exit the horizon. Once inflation ends, the comoving Hubble
horizon begins to grow again during the radiation dominated epoch of the early universe. Once a
perturbation re-enters the horizon, if the amplitude of the perturbation is large enough and gravity
outweighs the pressure forces, it will collapse to form a PBH. Otherwise, if the perturbation is not
dense enough and gravity not sufficiently strong, the perturbation is quickly damped out.
The density contrast δ(x, t) will be defined in the comoving, uniform-cosmic time gauge as
δ(x, t) =
ρ− ρb
ρb
(1)
where ρ and ρb are the density and background density respectively. At the linear level on super-
horizon scales, the density contrast is related to the curvature perturbation R as
δ(x, t) = −2(1 + ω)
5 + 3ω
(
1
aH
)2
∇2R(x), (2)
where ω = 1/3 is the equation of state during radiation domination, (aH)−1 is the Hubble horizon
(with a and H being the scale factor and Hubble parameter respectively), and ∇2 is the Laplacian.
This can be expressed in Fourier space as
δ(k, t) = −2(1 + ω)
5 + 3ω
(
k
aH
)2
R(k). (3)
Since R is conserved on super-horizon scales for adiabatic perturbations and the density contrast
on super-horizon scales grows proportionally to the horizon scale squared, the density contrast can
be separated into time-dependent and time-independent components for a given perturbation of
scale rm,
δ(x, t) = 2(t)δTI(x), (4)
4δTI(x) is the time-independent component of the density contrast. The parameter (t) is the ratio
of the horizon scale at some time t, (aH)−1, and the scale of the perturbation rm,
(t) = (aHrm)
−1. (5)
Throughout the paper spherical symmetry will be assumed, which is typical when studying
PBHs, justified by the fact that peaks which form PBHs are large and rare [16] - although non-
spherical symmetry has been considered [6]. For simplicity, it will also be taken that the PBH
formation process occurs during radiation domination, although phase transitions which affect the
equation of state of the universe have a significant impact on the abundance of PBHs [17].
The paper is organised as follows: in section II the typical profile shapes of primordial pertur-
bations will be discussed, in section III the threshold value derived from simulations is discussed,
section IV discusses the time at which PBH abundance should be calculated and the time at which
PBHs form, section V discusses using the peak value of the density or the volume-averaged value as
the formation criterion, section VI discusses the calculation of PBH abundance using different win-
dow functions, VII discusses the formation criteria as calculated from the curvature perturbation
R, and the conclusions of the paper are summarised in section VIII.
II. AVERAGE PROFILE SHAPES
The shape of primordial density fluctuations is unknown, and is likely to depend upon the
specific model of inflation being considered. However, the average profile shape close to the centre
of a perturbation can be estimated from the power spectrum Pδ (see [18] for further discussion).
Assuming spherical symmetry, the profile shape can be conpletely described in terms of the radial
co-ordinate r, the distance from the centre of the peak,
δ(r) = δ(0)
ξ(r, t)
ξ(0, t)
, (6)
where δ(0) is the amplitude at the centre of the perturbation. ξ(r, t) is given by
ξ(r, t) =
1
(2pi)3
∫
dk
k
sin(kr)
kr
Pδ(k, t), (7)
where this formalism requires the power spectrum to converge to zero in the UV and IR limit (a
“cut-off”) in order to predict a profile shape, which happens naturally in the IR limit due to the
k4 factor in the power spectrum. Due to the k2 super-horizon growth of perturbations, the derived
average profile shape is typically dominated by the largest values of k before the UV cut-off.
5Several power spectra often considered in the literature are considered here:
• the Dirac-delta power spectrum (although it is noted that this not physical [19])
Pδ(k, t) = A
(
k
aH
)4
δD(k − k∗). (8)
• the narrow-peak power spectrum, typically described with a Gaussian peak,
Pδ(k, t) = A
(
k
aH
)4
exp
(
−(k − k∗)
2
2∆2
)
, (9)
where ∆ paramterises the width of the peak. Also often considered is a log-normal peak,
Pδ(k, t) = A
(
k
aH
)4
exp
(
− log(k/k∗)
2
2∆2
)
. (10)
For narrow peaks, ∆  1, this is similar to the Gaussian peak, and will therefore not be
considered further.
• and the broad-peak power spectrum (which is scale-invariant over the width of the peak)
Pδ(k, t) = A
(
k
aH
)4
Θ(k − kmin)Θ(k∗ − k), (11)
where Θ(k) is the Heaviside step function, and kmin  k∗.
In each case, the amplitude of the power spectrum is parameterised by A, the (k/(aH))4 term
represents the super-horizon growth of perturbations, and the power spectra drop quickly to zero
for k > k∗. All of the density power spectra can be considered as qualitatively similar - being well
represented by a narrow peak at or close to k∗, quickly dropping to zero either side of the peak. The
left plot of figure 1 shows the power spectra described, normalised to have a maximum amplitude
of unity (except for the Dirac delta function).
The characteristic scale of a perturbation is best described using the value rm, which is the
radius at which the compaction function C(r) is maximized
C(r) = 2M(r, t)−Mb(r, t)
R(r, t)
, (12)
where R(r, t) is the areal radius, M(r, t) is the mass within a sphere of the radius centred on the
peak and Mb(r, t) is the background mass within the same areal radius calculated with respect
to a flat FRW Universe. The characteristic scale rm of the profiles varies by a factor of O(1) for
the power spectra considered here, and as mentioned earlier, the scale rm of each perturbation is
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FIG. 1: The left plot shows some of the shapes of the primordial power spectrum often considered
in PBH literature. The shapes are as follows: an (unphysical) Dirac delta shape (black, solid); a
narrow peak in the power spectrum (red and green dotted for ∆ = 0.1k∗, 0.2k∗ respectively), and
a broad power spectrum with a sharp k cut-off (blue, dashed). The average profile shape of
perturbations for each power spectrum shape is shown on the right. The profiles have been
normalised to have the same central amplitude and characteristic scale rm.
of the same order as 1/k∗. The right hand plot of figure 1 shows the average profile shapes for
the difference profile shapes, normalised to have an amplitude equal to unity in the centre and
with respect to their respective characteristic scales. The average profiles are extremely similar,
especially in the central region close to the peak. For the remainder of this paper, it will therefore
be taken that the representative profile shape is given by that of the Dirac delta power spectrum,
which has a simple analytic form,
δ(r) = A
sin(2.744r)
2.744r
, (13)
where the amplitude is parameterised by A, and the numerical factor or 2.744 is included for
simplicity such that rm = 1 (in arbitrary units). This equation does not account for the time-
evolution of δ, and can be considered as the time-independent component of equation (4).
III. THE MUSCO CRITERION FROM SIMULATIONS
A great deal of work has been completed in recent years to calculate the threshold value for a
PBH to form, involving the use of numerical and analytic methods [2–9, 15]. Typically, an initial
density perturbation is defined on super-horizon scales, and evolved forwards through horizon
7re-entry to determine whether a PBH will form from the perturbation or else dissipate into the
surrounding universe.
The most commonly used parameter used to describe the amplitude of a perturbation is the
volume averaged density contrast δR (although the central height of a peak δpk is also used, discussed
later in section V). In order to calculate δR the density contrast is integrated over its characteristic
volume (a sphere of radius rm) and divided by the volume:
δR =
1
V
rm∫
0
dr4pir2δ(r, t), (14)
where V = 4pir3m/3. The time at which the amplitude is evaluated will be discussed further in
section IV, although the amplitude is typically stated by Musco in terms of the time-independent
component of the density perturbation. See [5] for a more detailed discussion. A number of
simulations are run in order to determine the critical amplitude of a perturbation in order for a
PBH to collapse, δc = δR,critical - which will be referred to as the Musco criterion for the rest of
this paper, and is widely used as the standard formation criterion. This value is found to vary
significantly depending on the profile shape, 0.41 < δc < 2/3. For the representative profile shape
considered here (given in equation (13)), the critical amplitude is δc ≈ 0.51 (or δc,pk ≈ 1.2 if using
the peak value) [18].
IV. TIMING IS EVERYTHING
In this section, the time at which perturbations should be evaluated to determine whether they
will form a PBH, as well as the time at which PBHs can be considered to form will be discussed.
A. When should you calculate PBH abundance?
Figure 2 shows a schematic the power spectrum Pδ as a function of k/(aH). The graph can be
interpreted in 2 ways: it can be considered to show the time-evolution of the power spectrum at
a given scale as the horizon scale grows, or it can be considered that the (scale invariant) power
spectrum at different scales k is being considered at a given time, corresponding to a given horizon
scale (aH)−1.
In the first picture, it is seen that the power spectrum grows rapidly in the super-horizon
regime as they near the horizon scale, but is then quickly damped out by radiation forces after
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FIG. 2: A schematic diagram of the evolution of the primordial power spectrum during horizon
re-entry, relevant for PBH formation. On super-horizon scales, the power spectrum grows
proportionally to (k/(aH))4, becoming large and non-linear around the time of horizon re-entry.
After horizon re-entry, the power-spectrum shows oscillatory behaviour as pressure- and
gravity-forces smooth out perturbations.
horizon entry. A PBH will form (or not) when a given perturbation enters the horizon, and so the
natural conclusion is that only modes with a scale similar to that of the perturbation scale will
contribute significantly to PBH formation. However, close to horizon crossing, the perturbations
are necessarily large and non-linear - requiring the use of complicated simulations to model them.
In order to accurately calculate the abundance of (very rare) PBHs in the (very large) universe, it
is therefore desirable to be able to define whether or not a PBH will form by evaluating the linear
initial conditions of a perturbation. It will be argued here that the specific time that this is done is
unimportant, provided that perturbations are evaluated in the super-horizon regime, and that the
time-independent component should be used.
Considering now the second scenario (that figure 2 is showing the amplitude of an initially scale
invariant power spectrum at a given time) it is seen that the distribution of matter in the Universe
will be dominated by the large amplitude modes near horizon crossing. This therefore motivates
the use of a smoothing function to remove these modes artificially from the calculation so that
9larger scales can be considered, which will be discussed further in section VI. For the remainder
of this section, it will be assumed that at the time considered, the power spectrum has some UV
cut-off on super horizon scales 1 such that the entire distribution can be treated as super-horizon.
The relative height of a peak is often described in both peaks theory and Press-Schechter using
the parameter ν, which is given by
ν =
δ
〈δ2〉1/2 , (15)
The relative height ν (more specifically, the critical value νc = δc/〈δ2〉1/2) is the crucial parameter
for determining PBH abundance. The full calculation will not be discussed here, and can be
significantly affected by primordial non-Gaussianity [20, 21], and the non-linear relations between
the density contrast and the curvature perturbation (discussed briefly in section VII, readers are
directed to recent papers [22–25]). In equation (15), 〈δ2〉 is the variance of perturbations, which
can be found by integrating over the power spectrum:
〈δ2〉 =
∞∫
0
dk
k
Pδ. (16)
For simplicity, smoothing and transfer functions are neglected here, and it will be taken that these
have already been applied to the power spectrum. It is noteworthy at this point that Pδ must
have a UV cut-off in order for this integral to converge (the k4 term naturally gives an IR cut-off).
At the linear level, on super-horizon scales, the density power spectrum Pδ can be related to the
curvature perturbation power spectrum PR during radiation domination as
Pδ = 16
81
(
k
aH
)4
PR = 16
81
(
1
aHrm
)4
(krm)
4 PR = 16
81
4(t) (krm)
4 PR. (17)
The curvature perturbation is known to be conserved on super-horizon scales, assuming adiabatic
perturbations [26], and so the complete time-dependence of Pδ is contained, again, by the  param-
eter, and 〈δ2〉1/2 can be separated into into a time-dependent and time-independent component:
〈δ2〉 = 4(t)
∞∫
0
dk
k
16
81
(krm)
4 PR = 4(t)〈δ2TI〉, (18)
where it is noted that this gives the time-independent component normalised to a scale rm. There-
fore, both δ and 〈δ2〉1/2 grow proportionally to 2(t) and ν is also conserved on super-horizon
scales,
ν =
2(t)δTI
2(t)〈δ2〉1/2TI
=
δTI
〈δ2TI〉1/2
, (19)
1 This may be an artificial cut-off from a smoothing function or a natural cut-off in the primordial power spectrum
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justifying the earlier statement that the specific time of evaluation is unimportant and that the
time-independent component should be used. This is consistent with using the Musco criterion -
which uses the time-independent component of the initial density perturbation to state the critical
amplitude.
Because using the time-independent component can be considered mathematically equivalent
to setting  = 1, this is often considered to be the same thing as evaluating perturbations at
horizon entry - which is not strictly correct as non-linear behaviour is ignored. The distinction
here may seem trivial, but becomes important when one considers that linear transfer functions are
often applied in the non-linear regime close to horizon entry (this also introduces a time-dependent
component ignored in the super-horizon limit, where the transfer function T (k, t) = 1). The
importance of this distinction will require the use of numerical simulations, and is left for future
study.
B. At what time do PBHs form?
In section IV A, the time at which the abundance of PBHs should be calculated was discussed,
concluding that this calculation is best performed in the super-horizon regime before perturbations
enter the non-linear regime close to horizon entry. By this it is meant that that the calculation
of their abundance should be calculated from their initial conditions before any PBHs form when
 1, but will argue that their initial abundance is best described at the time when  = 1.
Due to the relative red-shift of the PBH density compared to radiation density, the energy frac-
tion of the universe contained within PBHs changes as a function of time following their formation.
The abundance of PBHs is typically stated in terms of β, the energy fraction of the universe con-
tained within PBHs at the time of their formation2, which leads to the consideration of the time
at which they form - and therefore at which time their initial abundance should be stated.
Typically, the scale factor increases by a factor O(3) between horizon crossing and PBH forma-
tion [5], but can take significantly longer for perturbations extremely close to the critical value [3],
and horizon crossing can happen at slightly different times due to the effect of super-horizon modes
- meaning that an exact time cannot be given. However, a time that they are taken to form can
be given. Strictly speaking, this is a free choice as it is not possible to observe them at the time of
formation, only their effects at some later time - meaning that as long as you calculate consistently
2 Another commonly used parameter is the present-day fraction of dark matter contained within PBHs, f .
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the abundance at the later time, the exact initial time is not important (see the next paragraph).
What is important is to reach a consensus so that results and constraints from different sources
can be applied consistently.
To consider a concrete example, assume that PBHs form from perturbations crossing the horizon
at a time when the horizon mass is equal to 1M, and one wishes to know the abundance of PBHs
at matter-radiation equality, where the horizon mass will be taken as 2.8 × 1017M [27]. During
radiation domination, because of the redshift of energy densities, the density parameter of PBHs
Ωpbh grows proportionally to the scale factor a, Ωpbh ∝ a ∝ M1/2H , where Mh is the horizon
mass. Taking that the formation time of PBHs is the moment of horizon crossing, giving an initial
abundance of Ωpbh = βhc. At the time of of matter-radiation equality, the density parameter
will have grown by a factor (2.8× 1017)1/2 (assuming the universe to behave exactly as radiation-
domination up to this time). Now lets consider that the time of formation is taken to be when
the horizon scale has increased by factor of 3 after the perturbations enter the horizon, the initial
density parameter is now Ωpbh = β3 = 3
1/2βhc. Since we are now considering that PBH formation
occured at a slightly later time, the density parameter grows only by a factor of (2.8× 1017/3)1/2
- giving exactly the same abundance of PBHs evaluated at a later time.
Historically, the time of formation has been considered to be horizon crossing time of the per-
turbations, and it is only recently in several papers that the fact that they do not form instantly
has been taken into account when calculating β (i.e. [18, 25]). Since the exact time a PBH forms
(from a perturbation of a particular scale) is ambiguous and depends upon the amplitude of the
individual perturbation, and for the sake of simplicity and convenience, it is recommended here
that the time of PBH formation from perturbations of a given scale should be taken as the time
that the horizon scale of the background universe is equal to the scale of the perturbation.
V. TO SMOOTH, OR NOT TO SMOOTH, THAT IS THE QUESTION
The use of the volume-averaged (smoothed) density contrast will be compared to using the peak
value at the centre of the perturbation. Typically, the abundance of PBHs is calculated using
either a peaks theory or a Press-Schechter approach (see [14] for a comparison of the methods),
which rely on comparing the height of a peak or average density of a region to a critical value
respectively. However, it is often omitted that, when using peaks theory, the peaks are typically
those of the smoothed density field and that therefore, the height of a peak corresponds to the
12
average overdensity within the volume of a smoothing function placed at the peak. In this regard
then, there is no difference in the formation criteria that should be applied in each case.
A recent paper [18] used instead the height of the unsmoothed density contrast as the formation
criterion. The critical value was determined by first predicting the average profile shape which
would arise from a given power spectrum, and then using numerical results to derive the critical
height of such peaks. For each power spectrum considered, either a broad or narrow peak, there
was a natural cut-off (without needing a smoothing function) in the power spectrum as k becomes
large - meaning smaller-scale modes could be ignored. The effect of larger of larger scales on the
profile shape can also be neglected in this picture due to the factor of k4 in the density power
spectrum in the super-horizon regime. Such an approach does work, although it can only be used
to investigate the formation of PBHs on a single scale.
The problem faced is related to the cloud-in-cloud problem faced when calculating galaxy abun-
dances, and will be illustrated by considering a broad peak in the power spectrum, as shown
schematically in the left plot of figure 3. The average profile shape expected from such a power
spectrum will be similar to those shown in figure 1. However, we will now split the power spectrum
into “foreground” and “background” components, indicated by red and blue respectively in the
right plot of figure 3. The foreground component generates a small-scale perturbation, whilst the
background generates a large-scale perturbation.
For the purposes of this demonstration, in the right plot of figure 3 the foreground and back-
ground perturbations shown are a factor of 10 different in scale, and the amplitude of the time-
independent component of the foreground peak is a factor of 4 smaller than the time-independent
component of the background peak - shown by the red and blue dotted lines in the right hand
plot respectively. In this scenario, we can take that the foreground perturbations will not form
a PBH upon horizon entry, but the larger background perturbation will. At any given time (in
the super-horizon limit), the black line shows the total density perturbation (to arbitrary scaling) -
from which it can be seen that the density is dominated by the small-scale foreground perturbation.
Without the use of a window function, it is therefore only possible to investigate perturbations of
a single scale. As mentioned before, this is similar to the cloud-in-cloud problem, except that in
this scenario, the larger cloud also has a very small amplitude3.
3 Strictly speaking, in order to determine on which scales PBHs form in a given region, the correct formalism would be
to first to determine whether the largest scale perturbations collapse, and then to investigate smaller and smaller
modes until the largest scale at which a PBH forms - as in the excursion set formalism applied to large scale
structure of the universe. However, because PBH forming perturbations are so rare, the probability of a smaller
PBH forming and then being “swallowed” by the formation of a larger PBH at a later time is very small, and has
a negligible effect on the abundance.
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FIG. 3: The left plot shows a broad peak in the primordial power spectrum, separated into
foreground (red) and background (blue) components. The right plot shows a particular realization
of the density profile which might be expected from such a power spectrum. The red (blue)
dashed line shows the super-horizon time-independent component of the foreground (background)
density perturbation. The background perturbation has a much larger amplitude and will collapse
to form a PBH upon horizon re-entry, the foreground perturbation will not. However, by looking
only at the total density perturbation on super-horizon scales, it is dominated by the foreground
perturbation - leading to the conclusion that no PBH forms if only the peak value is considered.
By considering only the peak heights of the density contrast without smoothing, the distribution
is dominated by the smallest scale perturbations. However, by smoothing the density on different
scales it is possible to investigate perturbations of different scales - and one can correctly identify
that the time-independent component of the background perturbation is 4 times greater than that
of the foreground perturbation.
In order to discuss the time dependence, a top-hat smoothing function (corresponding to the
volume-averaging in the Musco criterion) will be considered here briefly:
W (r, rm) =
1
V
Θ(rm − r), (20)
where Θ(r) is the Heaviside step function, rm is the smoothing scale, and V = 4pir
3
m/3 is the
volume of the smoothing function. Taking that the smoothing function picks out perturbations
with a scale rm, and accounting for the fact that this is applied to the time-dependent density
contrast, the smoothing function should be multiplied by a factor −2 = (aHrm)2 to calculate the
14
time-independent component, we then have:
δR =
3
rm
(aH)2
rm∫
0
drr2δ(r, t), (21)
which now closely resembles the compaction function, equation (12), where the integral over the
density contrast gives the mass excess. Note the the time-dependence of (aH)2 is exactly cancelled
by the time-dependence of δ(r, t) - such that both δR and C(r) are time-independent qualities as
required.
It can be argued that the sub-horizon damping of modes provides a natural smoothing to remove
smaller modes, and that the height of peaks at horizon crossing can be used. However, this again
involves applying a linear transfer function in the non-linear regime, and the critical value should be
determined at horizon crossing rather than the often used Musco criterion. Therefore, the answer
to the question posed in the section title is that the density should be smoothed in order to calculate
PBH abundance.
VI. UNCERTAINTY IN ABUNDANCE DUE TO THE CHOICE OF SMOOTHING
FUNCTION
In section V, it was argued that the use of a smoothing function to determine PBH formation is
desirable in order to study a range of scales. However, it has been known for a long time that the
specific choice of smoothing function has an effect on the calculated abundance of PBHs, as was
investigated quantitatively in reference [28]. In that paper, it was found that the choice of smoothing
function can mean that the calculated amplitude of the power spectrum required to produce the
same abundance of PBHs can vary by more than an order of magnitude. Their calculation will
be reproduced here, correcting for the fact that the critical value for collapse should be calculated
with the same smoothing function that the variance is calculated with - important such that the
numerator and denominator in equation (15) are calculated in the same fashion. As a part of this
calculation, corrected values for the formation criteria when different smoothing functions are used
will also be given for the first time.
To obtain the the smoothed density contrast, the smoothing function is convolved with the
density contrast to give the volume-averaged density contrast:
δR =
∫
dx3W (~x,R)δ( ~X − ~x) =
∞∫
0
dr4pir2W (r,R)δ(r), (22)
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where the first and second equalities is in cartesian and radial coordinates respectively. For the
second equality, it is assumed that a single spherically symmetric peak is considered, with the
smoothing function centred on the peak (i.e. that the smoothing function is still being convolved
with the density, but the spatial coordinate for the smoothed density is r = 0 and as such does not
appear explicitly in the equation).
The smoothing functions will be defined so that their heights and widths follow two rules.
Firstly, where possible, the height of the smoothing function should be normalised such that the
volume is equal to unity. Secondly, the width of each smoothing function is defined such that the
4pir2W (r,R) component of the above integral should peak at a scale R 4.
The choices of smoothing functions W (r,R) and their Fourier transforms W˜ (k,R) (where R
represents the smoothing scale) are:
• real-space top-hat (equivalent to the volume-averaging used for the Musco criterion):
W (r,R) =
3
4piR3
Θ(R− r), (23)
W˜ (k,R) = 3
sin(kR)− kRcos(kR)
(kR)3
, (24)
• Fourier-space top hat,
W (r,R) =
1
2pi2( R2.744)
3
sin(r( R2.744)
−1)− r( R2.744)−1cos(r( R2.744)−1)
(r( R2.744)
−1)3
, (25)
W˜ (k,R) = Θ((
R
2.744
)−1 − k), (26)
where it is noted that the physical volume is unbound, and [28] has been followed such that
the normalisation W˜ (0, R) = 1 has been applied instead,
• Gaussian
W (r,R) =
1
(piR2)3/2
exp
(
− r
2
R2
)
, (27)
W˜ (k,R) = exp
(
−(kR)
2
4
)
. (28)
4 Note that this means that the window functions described here differ slightly from those often used in the literature.
For example, the standard Gaussian window function has an extra factor of 1/
√
2 inside the exponential compared
to equation (27). This results in the largest contribution to the integral in equation (22) coming from the negative
δ region which typically surrounds overdensities (see figure 1) when smoothed on the scale R = rm.
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FIG. 4: Different smoothing functions are plotted in Fourier-space (left) and real-space (right).
The smoothing functions considered are: a real-space top-hat (black, solid); a Fourier-space
top-hat (red, dotted); and a Gaussian (blue, dashed). The functions described here differ from
those commonly used in the literature in that they have been normalised such the integrand
4pir2W (r,R) in equation (22) peaks at the smoothing scale R.
The left and right plots of figure 4 shows the Fourier- and real-space smoothing functions respec-
tively.
The most important factor contributing to the abundance of PBHs is νc, the ratio of the variance
of perturbations to the critical value. As described above, a full calculation of the abundance will not
be considered here, but instead, for simplicity, the parameter ν will be compared for different choices
of smoothing functions. First, lets consider the variance which would be calculated from using
different smoothing variations. In this paper, only the simple case of a scale invariant curvature
perturbation power spectrum, PR = As, will be considered, such that the smoothed density power
spectrum during radiation domination is
Pδ = 16
81
4(t)(krm)
4W˜ 2(k, rm)T
2(k, η)As, (29)
where the linear transfer function T (k, η) has now been included to include the time-dependence of
the power spectrum, η is the conformal time. The transfer function on sub-horizon scales is given
by [29]
T (k, η) = 3
sin(kη/
√
3)− (kη/√3)cos((kη/√3))
((kη/
√
3))3
, (30)
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FIG. 5: The effect of different smoothing functions applied to an initially scale-invariant power
spectrum, applied on a super-horizon scale 10 times greater than the horizon (left) and on the
horizon scale (right). In the left plot, the power spectrum has been multiplied by a factor
4 = 10000 to extract the time-independent component of the power-spectrum (as much as is
possible). The smoothing functions considered are: a real-space top-hat (black, solid); a
Fourier-space top-hat (red, dotted); and a Gaussian (blue, dashed).
and on super-horizon scales, T (k, η) = 1. The variance of the smoothed density contrast is then
given by integrating the power spectrum as in equation (16).
The smoothed power spectrum is plotted in figure 5. Due to the presence of the transfer
function, it is no longer possible to completely separate the time-dependent and time-independent
components - but at least the factor of 4 will be removed from the calculation. The left plot shows
the integrand evaluated when the perturbation (and smoothing scale) are 10 times greater than
the cosmological horizon - in the super-horizon regime as desired.
We see that both the Fourier-space top-hat and Gaussian smoothing functions quickly reduce the
amplitude of the power spectrum to zero - meaning that the transfer function has a negligible effect.
However, for the real-space top-hat smoothing function, the power spectrum oscillates and does
not converge to zero until sub-horizon modes are considered and the transfer function becomes
important - in this scenario, modes which are significantly smaller than the perturbation (but
greater than the horizon at the time of evaluation) erroneously contribute. Indeed, if one considers
only the super-horizon limit (i.e. by taking the transfer function equal to unity), the integral to
calculate the variance does not converge. For this reason, a Gaussian smoothing function has often
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been favoured in the literature (i.e. [13, 14]). When using a real-space top-hat smoothing function,
the standard approach followed in the literature is to instead evaluate the variance at horizon
crossing - meaning the perturbation scale, smoothing scale and horizon scale coincide5. This is
shown in the right hand plot of figure 5. For the Gaussian and Fourier-space top-hat smoothing
functions, smoothing on the horizon scale instead of in the super-horizon limit has an O(10%) effect
on the calculated variance, due to the extra damping of sub-horizon modes by the transfer function.
If the variance is calculated using a given smoothing function, then the density should also be
smoothed using the same smoothing function so that like parameters are being compared6. In this
paper, the different critical values are obtained by applying the smoothing functions to the density
contrast, as in equation (22). The sinc function profile given in equation (13) will be used, which
has a critical amplitude A ≈ 1.2 in order to collapse [18].
Table I shows a comparison of the values obtained from using different smoothing functions - the
variance of perturbations if evaluated at horizon crossing (noted by HC) or in the super-horizon
limit (noted by SH), the critical density for collapse δc, and finally the relative peak height for
collapse νc. Where necessary, the values are scaled to the amplitude of the scale invariant power
spectrum, As. Ideally, all of the calculations would agree - and we would see little to no variation
in νc.
Reference [28] found that, for a fixed As, νc varies by around an order of magnitude when
different window functions are used - and this result is confirmed when a constant δc is used.
However, when accounting for the fact that δc should be calculated with the same function, we
see that νc changes only by a factor O(10%). This means that the uncertainty in As required to
produce a given abundance of PBHs due to the choice of window function is also O(10%), which
is of the same order as the uncertainty due to the critical value [5]. Note that this analysis does
not make an argument for which is the correct window function to use, but only quantifies the
uncertainty involved, such an investigation is left for future study.
5 Though it is noted that this is typically not self-consistent, as the threshold value for collapse is normally stated
in terms of the time-independent component in the super-horizon limit, and the use of a linear transfer in the
non-linear regime may not be valid
6 The standard approach so far has been to use the same critical value δc (typically the Musco criterion) regardless
of which smoothing function is used - which led to the analysis in [28].
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Smoothing function 〈δ2R〉/As δc A1/2s νc
Real-space top-hat (HC) 1.06 0.51 0.49
Fourier-space top-hat (HC) 2.00 0.59 0.41
Fourier-space top-hat (SH) 2.80 0.59 0.35
Gaussian (HC) 0.31 0.18 0.33
Gaussian (SH) 0.40 0.18 0.29
TABLE I: The use of different smoothing functions at different times is considered. The power
spectrum is taken to be scale-invariant with an amplitude As. The variance of the
“time-independent” density contrast is evaluated in the super-horizon limit (SH) and at horizon
crossing (HC). This is compared to the amplitude of the threshold value δc calculated with each
smoothing function. The relative height νc paramterises the heights of peaks relative the variance
required to form a PBH.
VII. FORMATION CRITERION FROM THE CURVATURE PERTURBATION
The formation criterion in terms of the metric perturbation R will now be discussed. In the
comoving uniform-density slicing, the metric appears as 7
ds2 = −dt2 + a2(t) exp(2ζ) (drˆ2 + rˆ2dΩ2) , (31)
where Ω contains the angular dependence, and rˆ is the radial coordinate. Note that the radial
coordinate rˆ is related to the comoving radial coordinate r as
r = exp(R(rˆ))rˆ. (32)
On super-horizon scales, the density contrast during radiation domination is then given by [5]
δ(r) = −4
9
(
1
aH
)2
exp(−2R(rˆ))
(
R′′(rˆ) + 2R
′(rˆ)
rˆ
+
1
2
R′2(rˆ)
)
, (33)
where the prime denotes a derivative with respect to rˆ and spherical symmetry has been assumed.
It can be seen that δ(r) appears to depend upon the absolute value of R inside the exponential.
Naively, this leads to the conclusion that if a constant positive value is added to (subtracted from)
R we would see significantly smaller (larger) density perturbations, in turn leading to significantly
7 Here R is used to denote the curvature perturbation, whilst ζ is often used on uniform-density hypersurfaces. On
super-horizon scales, the density contrast goes to zero, and it can be considered that R = ζ, and R and ζ are often
used interchangeably in the literature.
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more (less) PBHs forming. However, according to the separate universe approach [30], adding
(or subtracting) a constant value to R should instead only correspond to a time-shift - rescaling
the background energy density and horizon scale. This can be seen if  is substituted into the
expression,
(t) =
1
aH exp(R(rˆm))rˆm , (34)
which gives
δ(r) = −4
9
(t)2 exp(2(R(rˆm)−R(rˆ)))rˆ2m
(
R′′(rˆ) + 2R(rˆ)
rˆ
+
1
1
R′2(rˆ)
)
. (35)
The term (R(rˆm) −R(rˆ)) now appears inside the exponential - indicating that PBH formation is
not sensitive to constant values added to R, and further that R-modes significantly larger than
rˆm do not affect PBH formation either. Indeed, one can consider a perturbation in the super-
horizon limit and consider a small patch at the centre of a perturbation. In this region, R can be
considered constant and the region thought of a separate universe, with a horizon scale given by
rH = (aH)
−1 exp(−R). When considering peaks in the super-horizon limit then, the exponential
term can be considered simply as a rescaling of the horizon scale (such that the peaks in regions with
positive (negative)R have a smaller (larger) initial amplitude, but the horizon is smaller (larger) and
thus the perturbation grows more (less) in the longer (shorter) time before the perturbation reenters
the horizon). Considering the height of peaks of δ at a specific early time (while a perturbation
is still super-horizon) therefore may not give a suitable indication of whether such a peak will
eventually collapse to form a PBH or not.
We will now consider the effect of smoothing the distribution. This is most easily done for the
case of the real-space top-hat window function, where it is now important to make the distinction
that the volume-averaging is completed by integrating over the comoving coordinate r 8. It can be
shown that the top-hat smoothing gives [5]
δR =
1
V
rm∫
0
dr4pir2δ(r, t) = 2(t)
((
−2
3
rˆmR′(rˆm)
)
− 3
8
(
−2
3
rˆmR′(rˆm)
)2)
(36)
Due to the integration over the radial coordinate r (and not rˆ), the exponential term factors
out of the final expression. By removing the factor of 2(t), the time-independent component
can be extracted. This expression represents a quadratic relationship between δ and R, where
8 Using the Areal radius R = a(t)r = a(t) exp(R(rˆ))rˆ is correct, but the scale factor divides out when divided by
the volume, giving no difference.
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(−23 rˆmR′(rˆm)) is equal to the standard expression derived in the linear case. The effect of the
non-linear term suppresses PBH formation and requires that the power spectrum have a larger
amplitude by an approximate factor f compared to the linear case [22], where f is given by
f =
4
(
1−
√
2−3δc
2
)
3δc

2
, (37)
where f ≈ 1.81 for the value δc ≈ 0.51 used in this paper. It is noted here that equation (VIII) is
valid in the linear regime, whilst the abundance of PBHs is typically evaluated at horizon crossing,
in order to ensure that the variance converges (see section VI).
For other profile shapes, the integral is more complicated, and in general it is not possible to
solve analytically for a general profile shape. The consideration of the non-Gaussianity arising from
the non-linear terms when other smoothing functions are considered goes beyond the scope of this
paper. However, the non-Gaussianity is not expected to be significantly different.
VIII. SUMMARY
The key conclusions of the topics discussed in this paper are summarised below:
1. The average profile shape of primordial perturbations: the central region of primordial per-
turbations can be estimated from the power spectrum Pδ. For the power spectra considered
here (representative of those considered in the literature), the central regions of the resultant
profiles all share a similar shape well represented (in the central region) by a sinc function,
equation (13). This similarity is due to similarities in the power spectrum considered - which
are all well described by a narrow peak in k-space. See figure 1 for a comparison of the power
spectrum and profile shapes. The shape of perturbations arising from modes in the centre
of a broad peaked power spectrum remains unknown because the calculated average profile
shape is dominated by the smallest-scale modes considered due to the k4 growth of Pδ.
2. At what time should the abundance be calculated? Papers calculating the threshold amplitude
for collapse δc typically state this value in terms of the amplitude of the initial perturbations
in the super-horizon limit, using the time-independent component of the density contrast.
In addition, as they near horizon crossing, perturbations large enough to form PBHs become
non-linear, and the use of a critical value calculated in the linear regime and a linear transfer
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function may not be valid. For these reasons, it is desirable to calculate the abundance of
PBHs that will form in the super-horizon limit, during the linear regime.
3. PBH formation time: PBHs forming from perturbations of identical scales do not form at
exactly the same time, due to variance in the formation time and the time of horizon crossing
of the perturbations. For this reason, it is not possible to state an exact time at which PBHs
form on a given scale. Here, it has been argued that, for simplicity, the horizon crossing time
should be taken as the formation time (rather than the somewhat later time at which an
event horizon forms) - allowing easier comparison of initial PBH abundance and derivation
of constraints.
4. Volume-averaged (smoothed) or peak value and it is concluded that using the smoothed
density is preferable because it allows for PBH formation at a range of times and scales with
the tools currently available. To make the same calculation using the central peak value
would require knowledge of the full non-linear transfer function at horizon crossing, the
critical amplitude of a peak at horizon crossing, and the non-linear evolution of the horizon
scale. It is also noted that the critical amplitude of the smoothed density contrast shows less
variation when different profile shapes are considered, lying in the range 0.41 < δc < 2/3.
On the other hand, it can only be stated that the critical peak amplitude δc,pk > 2/3 for
centrally peaked perturbations (and in principle, for off-centred peaks, it is also seen that
smaller values are found [22]).
5. The uncertainty due to the choice of smoothing function. It is important that the smoothing
function used when determining the variance of perturbations should be the same as the
smoothing function used when calculating the formation criterion. Table I shows the forma-
tion criteria which should be used for different choices smoothing functions, and compares
this to the variance calculated for a scale-invariant power spectrum PR = As. In this paper,
the use of real-space top-hat, Fourier-space top-hat and Gaussian smoothing functions has
been compared, finding that this results in an uncertainty of O(10%) in the amplitude of the
power spectrum.
6. The formation criterion in terms of the curvature perturbation R. The curvature perturba-
tion can be related to the unsmoothed and smoothed density contrast using equations (VIII)
and (VIII) respectively. Again, it is concluded that the the smoothed time-independent com-
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ponent of the density contrast δR,TI gives a more robust criterion for determining whether a
PBH will form, which is related to the curvature perturbation as
δR,TI = δ1 − 3
8
δ21 , (38)
with δ1 representing the linear component,
δ1 = −2
3
rˆmR′(rˆm) (39)
which is valid for spherically symmetric perturbations, and a real-space top-hat smoothing
function has been used.
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